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We present accurate configuration-interaction calculations of energy levels and radiative recombination rates
for excitonic systems confined in concentric double quantum rings. The calculations yielded three exciton
states that can contribute to the observed photoluminescence spectra. The simulated photoluminescence spectra
are in excellent agreement with the observed ones. The three bright states were found to be confined into the
inner ring. Thus, the calculations do not support the accepted notion that the coupling between the bright states
is weak because they are spatially separated. Instead, we propose that the two nearly degenerate upper states
are giving rise to the high-energy peak of the experimental photoluminescence spectra of the double quantum
rings. The two bright excited states have significant population because the exciton is trapped there due to
phonon-bottleneck effects.

DOI: 10.1103/PhysRevB.82.085306 PACS number�s�: 73.21.La, 31.15.V�, 71.35.�y, 78.60.�b

I. INTRODUCTION

Semiconductor quantum dots and related structures, such
as concentric quantum rings �CQRs�, are of great interest due
to their optoelectronic properties and corresponding potential
as building blocks for nanoscale devices.1–5 A thorough un-
derstanding of their electronic structure and carrier recombi-
nation dynamics is thus called for. The excitons trapped in a
quantum-dot structure consist of a strongly interacting
electron-hole pair. It is therefore of interest to study the ef-
fects of correlation on the properties of these structures.6

We have developed an ab initio program package for
studies of electron-hole pairs confined in semiconductor
quantum dot and quantum ring structures. The computational
methods are based on configuration-interaction �CI� and
coupled-cluster �CC� approaches,7,8 which can utilize all or a
subspace of the symmetry-adapted many-body states ob-
tained by distributing the electrons and holes among the one-
particle states. The calculations reported here employ the CI
method, which when utilizing the complete many-body
space �full CI or FCI� is equivalent to exact diagonalization.

In this paper we present the results of FCI calculations on
excitons and multiexcitons confined in a concentric double
quantum ring �CDQR� structure. The low part of the energy
spectrum is calculated and the corresponding states exam-
ined through the one-body densities. The radiative recombi-
nation rates for the exciton and biexciton are also calculated.
The transition rates do not, of course, constitute a complete
description of the photoluminescence �PL�. A rigorous model
would need to examine the entire process from excitation in
the substrate and subsequent intraband relaxation pathways
in order to describe how the luminescent states are populated
as a function of time. Nevertheless, since the PL intensity is
directly proportional to the transition rates we will compare
our results with experimental PL spectra and previous theo-
retical treatments.

II. MODEL

The implemented CI model is based on the effective-mass
approximation �EMA�, which is expected to be valid for the

system studied here.9–12 To keep the model simple we ne-
glect the heavy-hole �HH� and light-hole band mixing and
consider only the HH band. Utilizing the full configuration
space spanned by the basis set, the exact solution of the
effective-mass Schrödinger equation is obtained, within the
limits of the chosen one-particle basis set. FCI represents the
top of a hierarchy of CI approximations in which the com-
putational many-body space is generated by “exciting” par-
ticles from a reference state, commonly the Hartree-Fock
state. By removing at most M particles from the reference
state and permuting them among the unoccupied single-
particle states a truncated many-body space is obtained. For
M =2 the model is thus called “all singles and doubles CI,”
abbreviated CISD, for M =3 triple excitations are included,
which is denoted CISDT and so on.

To solve the many-body Schrödinger equation the single-
particle states of the electrons and holes are expanded in a
Gaussian basis set of the form xlxylyzlze−��x2+y2�e−�z2

, where
we denote the basis functions with lx+ ly + lz=0,1 ,2 , . . . by
the letters s , p ,d , . . . The different exponents for the xy plane
and the z-direction stem from the cylindrical symmetry of the
confinement potential. The eigenstates may thus be labeled
by the total angular momentum Lz=Lz

e+Lz
h, where the states

�Lz�=0,1 ,2 , . . . will be denoted � ,� ,� , . . . The width of the
rectangular confinement potential in the z direction is 8 nm
and is sufficiently strong to allow us to use basis sets with
only one s function describing the z dependency of the
states.7,13 The � exponent is optimized at the one-particle
level for the employed potential in the z direction.14 For the
lateral part of the wave functions, we employ an even-
tempered basis set consisting of 8s, 7p, and 5d functions.
Studies using different sizes of the basis sets showed that the
8s7p5d set yields converged energies for the studied exciton
states. The lateral confinement potential in our model is
based on an atomic force microscope profile obtained from a
CDQR sample.15 The confinement potential has the same
form as the profile with the minima normalized to 91.9 eV
for the electrons and 25.9 eV for the holes. The effective
masses used in our calculations are mxy

e =mz
e=0.065, mxy

h

=0.143, and mz
h=0.341.16 The relative dielectric constant is

13.
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In the EMA framework, the spontaneous photoemission
rate �N−1,L←N,R, for the transition from the right �R�
N-exciton state �N ,R� into the left �L� �N−1�-exciton state
�N−1,L�, can be written as16–24

�N−1,L←N,R =
ne2EpEph

6�	2c3
0m
�
�

��L,N − 1�P�
−�N,R��2, �1�

where n is the refractive index of the semiconductor, Ep is
the Kane matrix element,25 and Eph is the emitted photon
energy. The operator P�

− is the interband polarization
operator9 which annihilates an electron-hole pair with a
given spin projection ��=↑ or ↓� by creating a photon with a
definite circular polarization. By introducing the CI expan-
sions of the L and R states and simplifying the expression
one obtains

�N−1,L←N,R =
ne2EpEph

6�	2c3
0m
�
�
��

ir

�ir,LR
�,−� �i�r��2

. �2�

The radiative recombination rate is proportional to the over-
lap between the one-particle electron and hole functions mul-
tiplied by the corresponding element of the recombination
density matrix �ir,LR

�,−� , which is obtained from the CI coeffi-
cients of the L and R states,

�ir,LR
�,−� = �L,N − 1�cidr�N,R� = �

I

CI
N−1,LCIir

N,R. �3�

The matrix elements of � contain the many-body information
about transitions between states with different numbers of
charge carriers, and c and d denote annihilation operators for
electrons and holes, respectively. The summation in Eq. �3�
includes all configurations of the �L ,N−1� state �with expan-
sion coefficients CI

N−1,L� and CIir
denotes the CI coefficients

of the �N ,R� state that give a nonvanishing contribution
when the electron in spin orbital i and the hole in spin orbital
r are annihilated.26

It is worth noting that symmetry considerations impose
restrictions on the states involved in radiative recombination.
For example, in the case of one exciton recombining to the
vacuum the requirement is that the initial state belongs to the
total symmetric irreducible representation ���.

III. RESULTS

To compare our model with the experimental photolumi-
nescence spectra obtained for CDQR’s,27–29 we solve the FCI
problem for a system consisting of one exciton in a CDQR
confinement potential whose radial form is shown in Figs. 1
and 2. The densities in Fig. 1�a� are obtained by solving a
single-particle model with no charge-carrier interactions. At
the one-particle level, one of the two lowest states is centered
on the inner and the other on the outer ring �OR�, both for
the electron and the hole. This is in qualitative agreement
with the calculations by Kuroda et al.,28 where a single-
particle effective-mass model is used to calculate the one-
body electron and hole states of the system. However, we
find the lowest-lying state localized in the inner ring and the
second lowest in the outer one, whereas Kuroda et al. ob-

tained the opposite. All densities are plotted for z=0.
In contrast, the corresponding FCI densities shown in

Figs. 1�b� and 2, do not have any states mainly localized in
the outer ring, at least not among the six energetically
lowest-lying states in each of the irreducible representations
of the symmetry group. Some states do indeed have a con-
siderable density in the outer-ring region, but the � and �
states, shown in Fig. 2, do not contribute to the luminescence
due to symmetry reasons. Some of the dark � states are the
second component of the corresponding � state with �Lz�=2.
While states with densities concentrated in the outer ring
may well exist they will correspond to energies too high to
contribute to the experimental PL spectrum.

We have also performed test calculations using confine-
ment potentials with a higher barrier separating the inner and
outer ring without obtaining any significant changes in the
character of the lowest states. Different basis-set sizes were
also employed. Only by filling the inner minimum of the
potential, yielding a single ring, did we find the lowest states
localized in the outer-ring region, which also shows that the
basis set is, indeed, capable of describing such states.
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FIG. 1. �a� Electron �left� and hole �right� densities obtained
from a single-particle model. �b� FCI densities for the electron �left�
and hole �right� part of the exciton. The six lowest lying � states are
shown.
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FIG. 2. FCI densities for the six lowest lying �a� � and �b� �
states for the electron �left� and hole �right� part of the exciton.
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The low-energy part of the spectrum for the exciton is
shown in Fig. 3. The three luminescent � states are high-
lighted with thick lines. Several dark states are present, in-
cluding one lying between the ground state and the two lu-
minescent excited states.

The importance of charge-carrier correlation in the system
can be seen by examining the chemical potential for multi-
exciton complexes �N�=Eg�N�−Eg�N−1�, where Eg�N� is
the ground-state energy for the N-exciton system. Figure 4
shows �N� for 1–6 excitons, revealing a shell-like structure
�Fig. 4�c�	, similar to the one found for “ordinary” quantum
dots. The spacing of around 1 meV between the shells, how-
ever, is very small compared to the quantum-dot case, which
typically has an energy difference on the order of 10 meV
between the � and � shells.30 The importance of correlation
between the charge carriers is clearly seen. Figures 4�a� and
4�b� show �N� obtained at the CISD and CISDT levels,
respectively. At these lower correlation levels the shell struc-
ture is not present and the biexciton is not bound. Indeed,
quadruple excitations in the CI scheme are needed in order to
obtain what we assume to be correct qualitative picture. This
behavior is expected based on previous calculations on
single-quantum rings, which showed that correlation effects
are considerably larger in quantum rings than for quantum
dots.8

Figure 5 shows the radiative recombination rates for the
exciton �1X� and biexciton �2X�, calculated within the FCI

scheme using the expression in Eq. �2�. The low-energy peak
contains contributions from the recombination of the ground-
state exciton as well as from the biexciton. The other peak,
lying some 9 meV higher in energy contains contributions
from the biexciton and from one or two of the lowest bright
excited states of the exciton.

IV. DISCUSSION

Several photoluminescence experiments on CDQR struc-
tures have been carried out.27–29 These structures were ob-
tained by a droplet-epitaxial technique, in which GaAs drop-
lets are formed on a AlxGa1−xAs substrate, usually with x
=0.3.29 Typically, the photoluminescence spectra of the con-
centric quantum double rings exhibit two main peaks, the
characteristics of which have been suggested to indicate that
they correspond to recombination from states localized on
the inner ring �IR� and OR of the CDQR sample. The calcu-
lations presented above, which are exact in the limit of the
complete single-particle basis, do not support the existence
of low-lying and luminescent OR states. However, the main
features of the experimental PL are nevertheless reproduced
by considering the electron-hole recombination from the
ground state and the first excited states of the exciton that has
a significant photoemission probability. The excited state can
be expected to have a long enough lifetime due to phonon-
bottleneck effects.16,31,32 The bottleneck should be more
prominent in a ring structure as compared to a quantum dot,
due to the shape of the wave functions involved; the maxi-
mum of potential of the CQR structures in the origin leads to
states which are more extended in real space, corresponding
to a narrower distribution in momentum space, which im-
pairs phonon-mediated relaxation.

In their experimental studies of the PL spectra of the
CDQR’s, Sanguinetti et al.27 noticed that the populations of
the states responsible for the two peaks in the luminescence
spectra were independent and concluded that the recombina-
tion kinetics of the states of the luminescence peaks was
decoupled. Their calculations of single-particle electron and
hole states suggested that the lowest state is located in the
outer ring and the second one lies in the inner ring. They
suggested that the spatial separation of the states into the two
wells makes independent recombination processes feasible.
This conclusion was supported by their high-intensity exci-
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FIG. 3. Low part of the energy spectrum for the exciton.
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tation experiments, which showed that in the cascade-type
dynamics, higher excited states function as feeders to the
lower-lying luminescent states. However, this is not the only
possible interpretation of the observations. The present FCI
calculations yielded three luminescent states. The ground
state and two almost degenerate states lying about 9 meV
higher in energy. The relative positions of the peaks in cal-
culated photoluminescence spectrum agree well with
experiment.27,28 Our calculations show that all three lumines-
cent states are mainly located in the inner ring, indicating
that the previously suggested recombination mechanism is
not completely correct. The attractive Coulomb interaction
between the charge carries of the excitons stabilizes the IR
states more than the OR ones because they have a shorter
average distance between the electrons and the holes than the
OR states. Even though the upper and lower bright states are
located in the same potential well and the population of the
upper states are maintained by phonon-bottleneck effects, the
bright ground state can be populated from higher excited

states along relaxation paths that do not significantly involve
the upper luminescent states. Figure 3 shows that there are
many excited states with about the same energy as the upper
bright states implying that the energy transfer via a cascade
mechanism is feasible also without involving the upper
bright states. Nothing prevents the excitons from being
trapped in the upper bright states long enough to render
electron-hole recombination feasible and without signifi-
cantly affecting the population of the bright ground state.
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